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Abstract 

The Swift-Hohenberg equation with dispersion is considered. Trav- 
eling wave solutions of the Swift-Hohenberg equation with dispersion 
are presented. The classification of these solutions is given. It is 
shown that the Swift-Hohenberg equation without dispersion has only 
stationary meromorphic solution. 



1 Introduction 

The Swift-Hohenberg equation is one of important equations for description 
localized structures in the modern physics. This equation occurs in fluid dy- 
namics, optical physics and other fields [HH] • The Swift-Hohenberg equation 
with dispersion takes the form [5] 

Ut + 2 u xx - a u xxx + u xxxx = a u + f3 u 2 - 7 it 3 , (1) 

where a, a, f3 and 7 are parameters of equation. At a = Eq. ([1]) is reduced 
to the standard Swift-Hohenberg equation. 

The wave breaking phenomenon for Eq. ([1]) was numerically investigated 
in [5] . It was shown that localized structures of Eq. ([T}) are drift in contrast 
of structures described by the original Swift-Hohenberg equation. 

The aim of this paper is to construct and to classify traveling wave so- 
lutions of the Swift-Hohenberg equation with dispersion. We present the 
traveling wave solutions of the Swift-Hohenberg equation with dispersion 
and give the classification of all meromorphic traveling wave solutions. We 
show that the Swift-Hohenberg equation without dispersion admits only the 



1 



stationary traveling wave solutions. We also present classification of these 
stationary solutions as well. To achieve our aim we use the method intro- 
duced in [6j[7]. 



In recent papers [6l[7] two theorems were proved for possible representa- 
tion of rational, one periodic and doubly periodic solutions in the complex 
plane of the autonomous nonlinear ordinary differential equations. These 
theorems allow us to present general forms of one periodic and doubly pe- 
riodic solutions. At the same time this theorems lead to a new method for 
constructing meromorphic exact solutions of autonomous nonlinear ordinary 
differential equations. In the case of one branch of the general solution in the 
Laurent series we obtain known methods for finding exact solutions, which 
were developed in the last years [8H2"3"]. In the case of two or more branches 
for the expansions of the general solution in the Laurent series we obtain new 
expressions for exact solutions of nonlinear differential equations. 

The essence of the approach J6j[7] is that the exact solutions of nonlinear 
ordinary differential equations are found by comparison of the two Laurent 
series: one of them is the Laurent series for the general solution of ordinary 
differential equation and the other is the Laurent series for function which can 
be a solution to the original equation. Using this approach the meromorphic 
exact solutions of the third order differential equation were obtained in [6]. 
The exact solutions of the Kawahara and the Bretherton equations expressed 
via the Weierstrass elliptic function were found in 0121] ■ 

The outline of this paper is the following. In section 2 we study the Swift- 
Hohenberg equation with dispersion. We find the traveling wave solutions 
of this equation and obtain classification of them. In section 3 we consider 
the exact solution of Eq.(TT]) at a = and show that there is the stationary 
meromorphic solutions of this equation. We present the classification of 
these solutions. In the conclusion we summarize and discuss the results of 
this paper. 

2 Traveling wave solutions of the Swift-Hohenberg 
equation with dispersion 

Let us consider the traveling wave solutions of the Swift - Hohenberg equation 
with dispersion. Without loss of generality we set 7 = —30 in Eq.([T]). It is 
convenient to take this value of the coefficient 7 for our calculations. In fact, 

/ \l/3 , 

we can obtain this coefficient taking the transformation u = ( — ^ j u into 
account, where u is the new variable. In this case Eq.flT]) is reduced to the 
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form 



u t + 2 u xx + u xxxx - au xxx = a u + (5 u 2 + 30 u 3 . (2) 

Using the traveling wave solutions u(x,t) = w(z), z = x — Co t in (T5]) we 
have the nonlinear ordinary differential equation 

w zzzz - a w zzz + 2 w zz - C w z - a w - (3 w 2 - 30 w 3 = (3) 

We suppose that solutions of Eq. ([3]) has the form of the Laurent series 
in a neighborhood of the pole z = z 

oo 

w{z) = a * ( z ~ z o) k ~ P , P>0- (4) 

fc=0 

Eq.Q is autonomous and without loss of the generality we can set z = 0. 
Eq. ([3]) admits two different formal Laurent expansions in a neighborhood 
of the second order (p — 2) pole z = 0. 

Corresponding values of cio and a\ are the following 

4 1 ' 2) = ±2, a!^ = ±f (5) 

Necessary conditions for existence of elliptic solutions are 

1) ai 1} = 0, 2) af ] = 0, 3) aS 1} + af } = 0. (6) 

We see that at a ^ elliptic solutions can exist only in the third case. At 
a = the elliptic solutions can exist in all cases. So at a ^ we can look for 
the elliptic solutions if and only if we take into account both Laurent series 
for solution of Eq. ([3]) . 

In accordance with classification of meromorphic solutions of autonomous 
ordinary differential equation given in |6j[T] , there are different types of mero- 
morphic exact solutions of Eq. ()3]). The first type is the elliptic solutions 
corresponding to the both Laurent series. The second type is the simply 
periodic solutions corresponding to one of the Laurent series or to the both 
Laurent series. 

The Fuchs indices corresponding to expansions of the general solution in 
the Laurent series are the following 

ji = -i, j2 = 8, 3 z A = l -(j±iVn). (7) 

We see that the Fuchs indices ji has the positive integer value. So two 
expansions of the general solution can exist if as is arbitrary constant. 
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We have the formal Laurent expansion for the general solution of Eq. 
corresponding to 4 X) = 2 in the form 

2 a 1 23a 2 (3 
" (z) = ^ + 7i + 15 - 2940 - 90 + 



(8) 

1 3430 90 1267 
Series © corresponds to the general solution of Eq. d^J) in the case 

(3115800 a 7 - 50774976 a 5 + 54096588 a A C + 

26682793200 v 

+60289110 a 3 a - 669879 (3 2 a 3 + 222832008 a 3 - 401581656 C a 2 - 
-169414560 a a + 235298 (3 3 a + 196944426 a C 2 - 20 3 2 9 7 4 72 a- (9) 
-31765230 a a /3 + 1882384 (3 2 a + 338829120 a C + 

C 2 

+338829120 C - 3764768 f3 2 C ) °- = 0. 

225 

The last equality is the compatibility condition for existence of the Laurent 
series ([S]). Series flS]) does not exist if relation (jUJ) is not satisfied. 

The Laurent expansion for the general solution of Eq.([n]) at = — 2 
can be presented in the form 

2 a 23a 2 1 /3 
^ ~~^~7; + 2940~l5~90 + 



(10) 



C 3d 3 \ 



,(2) fi 



+ - \z + . . . + ar'z" + . . . 

1 126 90 3430 / 



The Laurent series (fTOl) exists and the coefficient a 8 can be arbitrary 
constant if there is the compatibility condition for the Laurent expansion 
ffTUl) in the form 



a 



(3115800 a 7 - 50774976 a 5 + 54096588 a 4 C + 



26682793200 

+60289110 a 3 a - 669879 f3 2 a 3 + 222832008 a 3 - 401581656 C a 2 - 
-169414560 a a- 235298 (3 3 a + 196944426 a C 2 - 20 3 2 9 74 72 a+ (11) 
+31765230 a ot (3 + 1882384 /?V + 338829120 a C + 

C 2 

+338829120 C - 3764768 f3 2 C ) + = 0. 



In fact the compatibility conditions and ( 11 ip are different. However 
in the case of 



a = 4 (12 » 



conditions @ and ffTTj) are the same. 

135 



At a = from ^ and (JTTJ) we have 



°o = 1ocno j o I 54a 2 (32522 - 4381a 2 ) + 5488(/3 2 - 270)± 



± 



18522(93 a 2 -56) 



20412 a 2 ( 442123 a 6 - 1593648 a 2 - 1846684 a 4 - 5883136 



(13) 



+686 (3 2 (11365704 a 2 + 1118799 a 4 + 43904 (3 2 - 15410304J + 



+351298031616 



l/2> 



Thus Eq. ([3]) has the elliptic traveling wave solutions if and only if a = 
and Co is determined by expression ffl~3]) . 

Let us present the approach for classification of the meromorphic exact 
solutions for Eq. ((3]). For this purpose we use method of constructing general 
meromorphic solutions for ordinary differential equations [HIE]- The outline 
of this method is the following. 

1) In the first step we construct the formal Laurent series for the general 
solution of the equation; 

2) In the second step we use the general form of the possible elliptic 
(simple periodic) solution of the equation and find the Laurent expansions 
for these functions; 

3) In the third step we compare the Laurent series for the general solution 
of the equation, that were found on the first step, with the Laurent expansions 
of the possible elliptic (simple periodic) solutions, that were found on the 
second step; 

4) In the fourth step we solve the system of algebraic equations obtained 
on the third step and find the values of parameters of the equation and 
parameters of the possible elliptic (simple periodic) solutions. 

The formal Laurent expansions of the possible elliptic solutions can be 
found using textbook [25] or Maple. 

Theorem 1 The elliptic solution of Eq. ([3]) corresponding to both of the 
Laurent series ([8]) and ffTOjl exists if there is the following relation between 
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parameters f3 and a 

14 (14 /?) 2 = 27 (941 a 4 - 13384 a 2 + 43904) (14) 

Proof. In accordance with method from Refs. [6jf7] we look for the possible 
elliptic solution of Eq. fl3]) in the form 



w(z) = — 



P0,#2,#3) - A 



& P (2,92,93) + B 

7T — f v T + +4 P[Z, 02, 93) + ^0 

14 p{z,g 2 ,g3) - ^ 

(15) 



Comparing expansion flH]) with the Laurent expansion of expression (fT5|) . 
we have the following values of parameters and invariants 



23a 2 - 196 V1843968 + 39522 a 4 - 562128 a 2 

/in = =F • 

2940 5880 



. 23a 2 - 196 (38640 a 2 - 3627 a 4 - 21952) a 

A = , £5=0, On = ; ^ ; ■ 

5880 ' ' ° 1372(93 a 2 -56) 

2311a 4 - 38024a 2 + 153664 



92 



6914880 



(16) 



_ (23 a 2 - 196) (9439 a 4 - 154056 a 2 + 614656) 
93 " 203297472000 ; 



3V1843968 + 39522 a 4 - 562128 a 2 
^ ~ 196 

Solving the algebraic system of equations on parameters ho, A, B, g 2 , g^, (3, Co 
we obtain values for constant as in the form 



n 2) = ____ ______ ____„ 

8 14344669624320000 18296772480000 31116960000 

(17) 

41a 2 1 



1147313a 8 6l99la 6 1621a 4 



119070000 1215000 

Expressions (fTTl) are necessary conditions for existence of the Laurent series 
([8]) and (flOp . These conditions show us that the elliptic solution of Eq. (j3]) 
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contains only one arbitrary constant corresponding to Eq. ([3]). In this case 
we can add the arbitrary constant z to variable z. We have to remember 
this fact for exact solutions of Eq. (J3]). 

Taking into account formulae (TT5|) we obtain the elliptic solution of Eq. 
([3]) in the form 

n 2 



w(z) = -- 



p'(z,g 2 ,g 3 ) 



p(z, 92,93) 



23o- 2 -196 
5880 



° p'{z, 91,92) 



14 p(z,92,93) - 



23cH-19 6 
5880 



N 23cr 2 -196 V1843968 + 39522 a 4 - 562128 a 2 

+4 (p(z, Oo, fls) H 

s v ,yi,y3; -r 2g4Q 58g() 

where invariants y"2jy"3 are defined by relations ffTB"]) . This solution exists if /3 
is defined by (fT4l . 

This completes the proof. □ 

Let us show that elliptic solution (fTSl can be reduced to the simple peri- 
odic solution at a — ±\/7 and a = ± ?v 8 1 q 13 . The Weierstrass elliptic function 
is defined by following differential equation 

p' 2 =4p 3 -g 2 p-g3 (19) 

where g 2 , g 3 and /3 are determined by ffTB"]) and (fT4"l) . 

If the right-hand side of Eq. f[T9~l) has multiple roots then the Weierstrass 
elliptic function is degenerated to the trigonometric or rational function. It is 
possible if invariants are defined by (|T6|) and the values of a are the following 



* = ±V7, * = ±^ (20) 

In the case of cr = ±v7 the simple periodic solutions of Eq. 03) take the 
form 

w = — — csch 2 
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1 l2 V7z V-154350 
-sech 



(21) 



28 V 28 / 5880 
In this case the parameters A, B,ho, j3,Co can be written as 

A = -±, B = 0, Ao = - 70 + ^ i5B5g , 
168' 5880 

(22) 

~ ,17^7 _ 3V-154350 

196 ' P 196 
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In the case of a 



-89 elliptic solution (fl8|) is reduced to the simple 
periodic solution in the form 



w 



-cosec 



178 



+ 356 SGC 



( V&23z\ V^&\f®23 ( 
I 178 



15842 



-cosec 



+ 



V623M , 784980 - V355468050V7921 
356 



(23) 



46575480 

Solution f )23|) satisfies Eq. fl3]) when the parameters are the following 
7 



.4 



2136 



B = 0, h c 



V355468050V7921 7 



46575480 



1068 



(24) 



49VT513 _ 3V355468050V7921 

^0 — i 7777^7771 ? P — — 



31684 



1552516 



Consider simple periodic solutions of Eq. ([3]) corresponding to the Lau- 
rent series ([H]). The following theorem is valid. 

Theorem 2The general form of the simple periodic solution of Eq. ([3]) 
corresponding to the Laurent series ([8]) exist if the following relations between 
parameters j3 and a are hold 







196a 



1/3 + 7a<2 ( 283 0-4 - 4592a 2 + 21952) 



V 



1/3 



p = a 3 (Ala 2 - 392) (71a 2 - 392) (lla 2 - 392) ± 
i^Ov^a 5 (51a 2 - 392) (31a 2 - 392) 



(25) 



or 



98a 



1/3 + 49 a 2 (421 a 4 - 4664 a 2 + 12544) 



Q 



1/3 



g = ±30aV3 (98- 15 a 2 ) (614656 - 189336 a 2 + 14629 a 4 ) - 
-a 3 (239 a 2 - 1568) (127 a 2 - 784) (ll a 2 - 392) 



(26) 



Proof. 

The general form of the simple periodic solution can be written in the 
form [51 [7] 



7T 


a 






C 7VZ ~1 " 




— cot < 




- 2— cot < 




T 


7 


It/ 




It/ 



+ ^0 



(27) 
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Also comparing the Laurent expansion for function (12 7\i with expansion 
for the general solution of Eq. ([3]) we obtain 



1 = ±2o7T\ -, CLs = , tin = , 

V a 2 127508174438400 90 5880 

(28) 

a(201a 2 - 1960) 
~ 2744 ' 

Solution ( 127"|) satisfies Eq. fl3]) if the parameter a takes the form 

a = 7 — — — — [ 10976 /3 2 (686/3 - 2352 - 1149 a 2 ) + 



2963520(343 /3 - 383 a 2 - 784) 

+81 a 2 (9505216 - 1565928 a 2 + 82933 a 4 ) - 697019904 



(29) 



and j3 is defined by f[2~5"j) . 

Comparing the Laurent series for function (|27p with the Laurent series 
dHJ) for the general solution of Eq. dSJ) we obtain 

14tt /3 + 24 127a 2 

T = ±— ======, h 



V98- 15a 2 ' 90 2940 ' 

q(171a 2 - 980) 
° 686 V ; 

a 2 (15 a 2 - 196) (225 a 4 - 2940 a 2 + 19208) 1 



fl 8 = oo^r»ro^„ ^ 



33205253760 5400 
In this case solution (|27p satisfies Eq. ([3]) if the parameter a takes the form 

1 



a = ; - 686/3 2 ( 21168 + 686^ - 4689a 2 ) + 

185220(7056 + 343/3- 1563a 2 ) V p v F > 

+21 a 2 (101286528 - 27836424 a 2 + 2136139 a 4 ) - 1858719744^ 

(31) 

and j3 is defined by (126]) . 

As result we have the periodic solution of Eq. dSJ) taking formulae ( l2~T|) 
into account in the following form 

+ 6 -± - «f!, (32) 
90 5880' v ; 



7T 


a 










— cot < 




- 2— cot < 




T 


7 


It/ 
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where T and (3 are defined by ([25]) and (|25]) or by (150]) and (1251) correspond- 
ingly. 

This completes the proof. □ 

The simple periodic solution corresponding to Laurent expansion (fTUj) can 
be obtained by analogy with solution ( 1521) . 



0.35 



0.25 
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Figure 1: Exact solution ([52]) of Eq. (J5J at a = 2.6, 2.65, 2.7 (curves 1, 2, 
3). 

Let us note that solution ( 152]) contains one arbitrary constant correspond- 
ing to autonomous of Eq. (J5J. If we take this constant purely imaginary then 
all poles of solution (132 j) will be on the imaginary axis of the complex plane. 
The picture of solution (152]) at different values of a on the real axis is demon- 
strated on FigfTJ 

Let us discuss the stability of the simple periodic solution (152]) of Eq. (J2J) . 
To investigate the stability of this solution we use the numerical approach 
that is the IFRK4 method [221127]. With this aim we have considered the 
propagation of nonlinear waves described by Eq. (j2J with periodic boundary 
conditions. To test our numerical approach we use exact solution ( 152]) . This 
solution is not periodic and we mirror-reflect solution ( 152]) with respect to 
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the certain point to obtain the periodic solution in the form of the superpo- 
sition of exact and reflected solutions as initial conditions. We observe that 
the relative error of our calculations was less then 5 % during the time of 
calculations but the relative error was calculated only on the non-reflected 
part of initial data. To study the stability of solution (132]) we perturb the 
initial solution using the random noise. The amplitude of the random noise 
was given between 1% to 5% percents of the initial data. We have obtained 
that the shape of perturbed solutions is not changed at numerical modeling 
and we believe that exact solution fl32l) is stable. 



3 Traveling wave solutions of Eq. (00) at a = 0. 

Consider the Swift-Hohenberg equation Eq. (pQ) at a = 0. 

Ut + 2 u xx + u xxxx = au + (3u 2 - ju 3 (33) 

Without loss of generality we take 7 = —30 in fl33|) again. In this case taking 
into account the traveling wave solutions u(x, t) = w(z), where z = x — Co t 
in Eq. ([3]) we obtain the nonlinear ordinary differential equation in the form 

Wzzzz + 2 w zz — Co w z — a w — (3 w 2 — 30 w 3 = (34) 

Suppose that there is the expansion of the general solution of Eq. (|34|) in 
the form of the Laurent series in a neighborhood of the pole z = z 

00 

w(z) = J2a k {z- z ) k ~ p , p > (35) 

fe=0 

As Eq. (1311) is autonomous we can consider that Zq = again. 
Substituting (13"5"j) into Eq. (1311) we find that p = 2 and a = ±2 again.. 
The Fuchs indices corresponding of each expansions are the following 

Ji = -1, J 2 = 8, j 3 ,4 = ^(7±2V / 7l) (36) 

Substituting ( 13"5"j) into Eq. (J3"i]l and computing coefficients a k we obtain 
that the compatibility condition for existence of the Laurent series (135]) is 
the following 

C = 0. (37) 

As result we obtain that the Swift-Hohenberg equation has only station- 
ary traveling wave solutions. Let us present classification of the stationary 
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meromorphic exact solutions of Eq. (I34p . For this purpose we use method for 
constructing general meromorphic solutions of ordinary differential equations 
from Refs. [6j[7] again. 

Expansions in the Laurent series of the general solution of Eq. (134"}) in a 
neighborhood of the pole z = are the following 



w {z) = ±^-^-±[ H z 2 + ... + o 8 * 8 + ... (38) 



/3^6 //? 2 - 90a -36 
"z 2 9lT V 16200 

From expansion (|38p we see that the necessary condition for existence of 
the elliptic solutions is satisfied. 

From theorems presented in Refs, [6j[7] we obtain that there are some 
types of meromorphic solutions of Eq. ( 134)) : simple periodic solutions (and 
elliptic solutions) corresponding to one of Laurent series (13"8"]) of the general 
solution and simple periodic solutions (and elliptic solutions) corresponding 
to both of Laurent series (I38|) . 

Theorem 3The elliptic solutions of Eq. (134]) corresponding to both of 



the Laurent series f )38|) exist if and only if a = ^ or /3 = 0. 

Proof. In accordance with method from the references [HIE] we look for 
the possible elliptic solution of Eq. ( 13"4"|) in the form 

/ x {p'{z,g 2 ,g 3 ) + Bf 

w{z) = -—- r -— + 4p{z,g 2 ,g 3 ) + h Q . 39 

2{p\z,g 2 ,g 3 ) - A) 2 

Here p(z, g 2 ,g 3 ) is the Weierstrass elliptic function with invariants g 2 , g 3 and 
p'{ z i92>9 3 ) is its derivative with respect to z. 

Comparing one of expansions (13"B"|) with the Laurent expansion for expres- 
sion ( 139]) we obtain that elliptic solutions exist only if a = or (3 = 0. 

In the case of a = we get the following values of parameters A, B, h 

A = - — , B = 0. h = -^-. (40) 
30' ' 90 

The elliptic solution (139]) of Eq.( l34"]) takes the form 

2{p{z,92,g 3 ) + go) 2 90 

where invariants g 2 ,g 3 are defined by formulae 

12 -15a 8 -25a , An . 

Q2 = 1 Q 3 = • (42) 

y 1620 ' y 81000 
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Necessary conditions for series (|38p to exist is the following 

23 11a 7a 2 

a 8 = =F =F =F • 

10935000 2187000 3499200 

At /3 = parameters A,B,ho can be found from PHI) at /3 — 0. Elliptic 
solution of Eq. f[3"4"l) is expressed by formula fl4"Tl) at /? = as well with 
invariants (1421) and values as from (1431) . □ 

Let us show that elliptic solution (I4T1) is reduced to the simple periodic 
solution in the case of (3 = j = 3v/ jpQ %, It is known that the Weierstrass elliptic 
function is defined by the differential equation 

p' 2 = 4 p 3 - g 2 p - g 3 (44) 

We obtain that the right-hand side of Eq. (1441) has two multiple root at 
P _ j_ 3V|30 ^ j n cage w e i ers trass elliptic function is reduced to the 

hyperbolic function. 

Solution gl]) of Eq.fl34D at £ = ±^P « takes the form 

The compatibility condition in this case is the following 
127 

a 8 = =F (46) 

27000000 v ; 



In the case of a — ^ elliptic solution (jUJ) is also reduced to the simple 



n 

25 

periodic solution of Eq. (134"]) in the form 

w(z) = -jjcsch 2 h^X - isech 2 } (47) 

Let us consider the elliptic solutions of Eq. (jMjl which corresponds to 
one of expansions (|38|) . The following theorem can be formulated. 

Theorem 4Eq. (1341) has the elliptic solution which corresponds to one 
of expansions ( 138]) at any values of a and j3. 

Proof. 

Following the method from the references [Hl[7] we use the possible elliptic 
exact solution of Eq. ( 13"4"j) corresponding to the first Laurent series (I3"8"|) in 
the form 

w = 2p(z,g 2 ,g 3 ) + h (48) 
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Comparing the Laureant series corresponding to function ( 1481) with the 
first of the expansion (J55j) . we get 

6 - $ (3 2 - 90a - 36 

90 y 1620 

(49) 

(3 3 + 6/3 2 - 540a - 135a/3 - 432 



93 



291600 



The compatibility condition for the first Laurent series ( 155j) leads to the 
equality 

(36 - (3 2 + 90a) 2 

tt8 ~ 1574640000 (50) 



From (|48p as the result of calculations we have 

„ / /3 2 - 90a - 36 (3 3 + 6/3 2 - 540a - 135a/3 - 432 \ 6-/3 
w(z) =2p[z,- 



1620 291600 J 90 

(51) 

This completes the proof. □ 

The elliptic solution of Eq. f )34|) corresponding to the second expansion 
from ( 138]) can be obtained by analogy with the above presented solution. 

Finally let us consider the simple periodic solutions corresponding to one 
of series (|38p . The following theorem is hold. 

Theorem 5Eq. (1341) has the simple periodic solution corresponding to 
one of expansions (1551) if 

„ _ (52) 

or 



((3-6) ((3 + 12) (7(3((3 + 6) ±((3 + 6)^15((3 + 12) (7 P - 12) + 504 

a = ■ 

9 (5((3 + 12) ± v/15(/3 + 12) (7/3-12) 

(53) 



Proof. 
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The general form of the simple periodic solution corresponding to the first 
Laurent series (J3SJ can be written [HIE] as 

"'^-Ti"'!?}^' (54) 



Comparing the Laurent expansion for function (154)) with the first series ( 138|) 
we find the following set of T, ho and a in the form 

r * = ± 7i§br (55) 



where a is defined by fl52|) . We also have the values 



T, 



6 (/3 + 12) (/3-6) (60 + 5/? + v / T5 v / (/ 3 + 12 ) (7/3-12) 



7T 



3,4 



-5,6 



(/3 + 12) (/3 - 6) 



1.(3,4), (5,6) 
fi 



-6 (/3 + 12) (/3-6) (60 + 5/3 + y/TEy/(P + 12) (7/3 - 12)) tt 
(£ + 12) (/3-6) 
(/3 - 6) (v/15(/3 + 12) (7/3-12) ± 15(/3 + 12)) 



90(^15 (/3 + 12) (7/3 - 12) ± 5( /3 + 12)) 

(56) 



where a is defined by (|53|) . 

Substituting values of T and /i from (151)1) or f[5T)j) we obtain the simple 
periodic solutions of Eq. ( 154"|) at alpha given by fl52"j) or ( 15^]) correspondingly. 

This completes the proof. □ 

Note that solution (|54|) contains one arbitrary constant corresponding 
to autonomous of Eq. We can take this constant imaginary then all 

poles of solution ( I54p will be on the imaginary axis of the complex plane. The 
picture of solution ( I54p on the real axis at different values of f3 is demonstrate 
on the Figj2]for this case. 

We have investigated the stability of solution fl54"|) by the numerical method 
again as for solution ( 1321) . Solution (154"|) is periodic and we use (154"|) as initial 
data for our numerical calculations. We have perturbed the initial condi- 
tions using the random noise with the same amplitude as for solution (j52l . 
The results of the numerical simulation showed that the shape of perturbed 
solutions is not changed at numerical modeling. Thus we believe that exact 
solution (1541 is stable as well. 
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Figure 2: Exact solution ([54D of Eq. (jMjl at 8 = 50, 70, 85 . 

4 Conclusion 

In this paper we have studied the traveling wave solutions of the Swift- 
Hohenberg equation with dispersion. We have shown that nonstationary 
traveling wave solutions exist in the case of the Swift-Hohenberg equation 
with dispersion. We have found the elliptic and the simple periodic traveling 
wave solutions. We have shown that the Swift-Hohenberg equation without 
dispersion has only the stationary meromorphic traveling wave solutions. We 
have obtained these exact solutions and presented their classification as well. 
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